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The wavefunction:

z\¥'2 zr
(—j e 220050 s usually named as the hydrogen orbital of

W2x\ a a
(A)2s (B)2p, (C)3d2 (D)3p, (E)4s
Ans :B

Which of the following is an allowed energy value of a quantum mechanical harmonic oscillator?
(A) 1.50 hv (B) 0.0 hv (C) 2.0 hv (D) 0.25 hv (E) 0.75 hv

Ans :A

If the transposition of A gives the inverse of A, then must be what kind of matrix?

(A) symmetric (B) diagonal (C) hermitian (D) orthogonal (E) skew-symmetric

Ans :D

If the reactant of a first-order irreversible reaction becomes 50% of its initial concentration in 10
minutes, how long does it take for the reaction to >90% completion?

(A) 15 min. (B) 20 min. (C) 25 min. (D) 30 min. (E) 40 min.

Ans :E

The ellipse of the form 17x2 — 30xy + 17y2 = 128 has a semi-long axis of ?

(A)8 (B)6 (C)4 (D)2 (E)12

Ans :A

Which of the following is not a linear ODE?

(A)y"—eXy=0(B)xy" —2x?y" =cos x (C) y"—yy' =y (D) y+3y =3x2 (E) y" -y = Xy

Ans :C

* 3 5 3L (105 pts)

Please solve the following ordinary differential equations. (10%)
(i) y"+4y =16 cos 2x, y(0) =0, y'(0) =0 @) y"—6y'+9y=0

Sy=e" F+4=0 A1==2i

<Y, = Ac0oS 2x + Bsin 2x

Yy, =axcos 2x+bsin 2x



Y, =acos2x — 2axsin 2x +bsin 2x + 2bx cos 2x

y, '=—2asin 2x —2asin 2x — 4ax cos 2X + 2b cos 2x + 2b cos 2x — 4bxsin 2x
—a=0,b=4

y = AC0S 2X + Bsin 2x + 4xsin X

y'=—2Asin 2X + B cos 2X + 4xsin 2X + 8X cos 2x

y(0) = A
y'(0)=0=2B
B=0

y = 4Xsin 2x

(1)
AN A
Sy=e

=X -64A+9=0 , 1=3 = y=ce”+c,xe”*

-1 1 2 1 2 5
2. A=1]3 -11 B=10 -1 2
-1 3 4 2 4 1

Please find (i) A x BT (ii) A-1 (iii) det (AB) (15%)

(i)

-1 1 2 1 0 2
A=13 -1 1/ B'=|2 -1 4
-1 3 4 5 2 1

11 3 4
AxBT=6 3 3

25 5 14



(i)
det(A)=10

-1 1 1 3 3 -
“u ‘3 4‘ roe ‘4 JJ . ‘-1 :j

1 2 2 - 1 -
1 2 2 - 101
Cu=|, =8 Ca=|; 4/=7 Cu=|, =72
7 2 3
At=1l13 2 7
10
8 -2
(iii)

det(A)=10  det(B)=9
det(AB)=10x9=90

3. Please derive and solve the integrated rate laws for the reactions and plot the concentrations of all the
species as function of times. (initially [A] = 1.0 M, [B] = [C] = 0.0 M) (20%)

ky
(i) A;—>BL>C k=2, ko= k_q = 1 (1/sec)
-1

iy A—sp—* ¢

()

= A ALk 8= 2T+ (8= -2y, + v,

Y= L= A1k B] -k [B] - 21A] - 2[B] = 2y, - 2y,
-2 1

N .

—2-2 1
= A1=-2+2
2 —2-2

If A=-2++2

_\/EY1+y2 =0
2Y1_\/§y2 =0



ZY1 = \/Eyz

V2

Y1:7y2

o

If A=-2-42

\/§y1+yz=0
2y, +~2y, =0

ZY1 = _\/Eyz

Y1 ] 1 (—2+/2)t 1 (—2—v2)t
=C e +C e
L’z_ 1{\@} -2

HEAA TR At=0) = Ao, B(t=0)=0,c1=c,=1/2 A

A %Aoe(—2+\/§)t +%Aoe(—2—\/§)t

B = ﬁ Aoe(—2+ﬁ)t _ Q Aoe(_z_ﬁ)t
2 2

d[A]
—— =—Kk,[A

i [A]

d[B]

" = k,[A]-k,[B]
[A]=A,e

d[B]

g KaAe T k(B

[B]= Ao (e™ —e™)



[C]=A, —[BI-[A]
k1 —k,t -kt —k,t
— 1_— AN 2V 1
Aol ” k(e e r)—e ]

2 1

SN

>

I
o o w
o &~ w

3
6 |, find the eigenvalues and eigenvectors of A. (15%)
1

(B-A)(A-A)1-1)=0 A=1,3,4
If A=1

2%, +5X,4+3%X; =0
3X, +6X, =0
0x, =0

2x,—10a+3a=0
2x, =Ta

If 1=3

0x, +5%, +3%; =0
X, +6X;=0
-2%, =0

S5X, +3%; =0
2X, = —6X,
X, =a

X, =0

X, =0

1
X,=a0
0

If 1=4



— X, +5X, +3%;, =0
0x, +6x,=0
—X;=0

0x;,=0
X, =a
- X, =-5a
X, =5a

5
X,=a1l
0

5. Please prove (a) if B is similar to A, then B has the same eigenvalues as A (b) An orthogonal
transformation preserves the value of the inner product of vectors a e b. (10%)

6. Find the positive solution of x3 + 2x — 1 = 0 using fixed-point iteration and Newton’s methods (4D)
(10%)

Newton’s methods:

f(x)=x>+2x-1

f'(x) =3x*+2

oy oy X0 +2x —1
T 3 +2

X, =1

X, =0.6

X, = 0.464935

X, = 0.453467

X, = 0.453397

X, = 0.453397 #

Fixed-point iteration
X°+2X—-1=2x=—x>+1
Xx=1/2(-x° +1)

= X, =1/2(-x% +1)



Xo =1

X, =0.5

X, = 0.4375

X, = 0.458129
X, = 0.451923
X; = 0.453850
Xs = 0.453258
X, = 0.453440
Xg = 0.453384
Xg = 0.453401
X,, = 0.453396
X,, = 0.453398 #

7. Afunction f such that f(1.0) = 1.00, f(2.0) = 1.4142, f(3.0) = 1.7321, and f(5.0) = 2.2361. (i) Can you
recognize what type of function f is? (5%) (ii) Find a third-order polynomial function that passes the
four points. Find f(4.0) and compare the value with the correct values if you can answer (i) (10%) (iii)
Calculate the integral jf(x) dx numerically from x = 1 to x = 5 using the Trapezoidal and Simpson’s

rules (h = 1.0), and compare your result with the correct one (10%).

(i)

f(x) =~/x

(i)

X, =1 f(x,)=1

X, =2 f(x)=1.4142
X, =3 f(x,)=17321
Xs =95 f(x;)=2.2361

P(X)=L,f,+Lf+Lf,+Lf,
(X)X =) =%) (X=X =(X=5) _ L. o o _
b T o Cx) 0 x) e —x)  @—2)a-3a-5) g Ax-Ix-9)=LH=025

(= x)(X=X)(X=X%)  (X=D(x=3)(x=5) 1, . B
L X)) —x)  @-D2=3)2=5) 3 DX = L) =1

2

(X — XO)(X — Xl)(X — XS) — (X _1)(X — 2)(X — 5) — _l (X —1)(X _ 2)(X . 5) = L(4) =15
(Xz - Xo)(xz - Xl)(XZ - Xs) (3_1)(3_ 2)(3_5) 4

_ (X_ Xo)(x_ Xl)(X_ Xz) _ (X—l)(X—Z)(X—3) _ _i N . _ —
5= 1) )0 —x)  B-DB-2)5-3) 24 HXTAXE =LA =02
P(4) =0.25x1+ (—1) x1.4142 +1.5%x1.7321+0.25% 2.2361=1.992975

Ja=2




272 1 2-1.992975=0.007025

(iii)

Simpson:

jb f(x)dx=%(f0+4f1+2f2+4f3+...+ f)
S, = f,+ f_=1+2.2361=3.2361
S, =f,+f,=v2+/4=34142
S,=f,=/3=1.7321

= " Jx = %[3.236l+ 4x (3.4142) + 2% (1.7321) = 6.7857

Trapezoidal:
_[: f(x)dx=h(% f(X)+ f(2)+ f(3)+ f(4)+% f(5))

5 1 1
jl Jx =1x (5 +14142+1.7321+ 2+~ x 2.2361) = 6.76435



